In this paper congruences on orthomodular lattices are studied with particular regard to analogies in Boolean algebras. For this reason the lattice of p-ideals (corresponding to the congruence lattice) and the interplay between congruence classes is investigated. From the results adduced there, congruence regularity, uniformity and permutability for orthomodular lattices can be derived easily.
Basic facts
Orthomodular lattices are a well studied structure, we refer for instance to the monographs [1] , [5] and [7] . Of special interest is the occurrence of these algebras in axiomatic quantum mechanics as so-called quantum logics. This has caused and continuously stimulated their investigation (see, e.g., [7] ). In notation we follow [5] wherein proofs of the basic facts stated in this section can be found unless an other reference is given. An orthomodular lattice (OML, for short) L = L; ∧, ∨, , 0, 1 is a bounded lattice L; ∧, ∨, 0, 1 with an orthocomplementation , i.e. for all x, y ∈ L it holds x ∧ x = 0, x ∨ x = 1, x = x, x ≤ y implies y ≤ x ,
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G. Dorfer and L satisfies the orthomodular law:
x ≤ y implies y = x ∨ (y ∧ x ).
As distinguished from Boolean algebras in orthomodular lattices the distributive law x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) does not hold in general. The following two relations provide a measure for how far a particular OML L is from being a Boolean algebra:
1. The commutativity relation C: aCb if and only if the subalgebra generated by {a, b} in L is Boolean. For instance, a ≤ b or a ≤ b implies aCb. An OML L is a Boolean algebra if and only if C is the all relation or equivalently, if and only if ∼ is the identity.
The perspectivity relation
The most effective application of the orthomodular law is furnished by the Theorem of Foulis and Holland (see, e.g., Theorem I.3.3 in [5] ), which ensures distributivity for the elements a, b, c provided one of them commutes with the other two. This theorem will be used extensively in the subsequent calculations without referring to it explicitly.
In the following let L denote an arbitrary OML. It is a well known fact that there is a bijection between congruence relations of L and certain ideals of L, so called p-ideals (cf. [3] ): A (lattice-)ideal I is a p-ideal if it is closed under perspectivity, i.e. a ∈ I and b ∼ a together imply b ∈ I. For every congruence relation θ the class of 0, which we will denote by [0]θ, is a p-ideal, and starting from a p-ideal I, the relation θ defined by
is a congruence relation. Furthermore, these mappings connecting p-ideals and congruence relations are inverse to each other. The following characterization of p-ideals (cf. [1] , Theorem V.4.2) will be used frequently:
congruence relations on orthomodular lattices 59 Theorem 1.1. Let I be an ideal of L, then the following conditions are equivalent:
The lattice of p-ideals
We firstly deal with the question how the operations of infimum and supremum in the congruence lattice of L, denoted by Con(L) = Con(L ); ∧, ∨ , can be translated into the language of p-ideals.
Whenever in the following the operations ∧, ∨ and occur in connection with subsets of L, the complex product is meant, for instance 
by Theorem 1.1. By forming the join of these elements we get
and arbitrary y ∈ L, we have
and Theorem 1.1 yields that I 1 ∨ I 2 is a p-ideal.
So, if we denote the set of all p-ideals of L by I(L) and I(L) = I(L)
; ∧, ∨ , we attain the following result:
isomorphic to I(L) (by the aforementioned correspondence).
In the following the structure of I(L) will be studied with respect to complements. For an ideal I let I * = {x ∈ L | ∀i ∈ I : x ≤ i }, i.e. I * consists of the lower bounds of I . It is evident that I * is an ideal and I ∧ I * = {0}. Lemma 2.4. For a p-ideal I the following assertions hold:
Ad 1: Since x ≤ i implies x ∧ i = 0, the inclusion ⊆ is true for every ideal I. To show the converse relation, let
, and forming the join with i in the last equation leads to x ∨ i = i , hence x ∈ I * and the proof of this part is complete.
Ad 2: 
Representation of congruence classes
In this section the interplay of congruence classes of OMLs will be investigated. For principal p-ideals the congruence classes are connected rather simply: Now we show that ϕ a is an isomorphism: 
Obviously ϕ a (x)∨ϕ a (y) = ϕ a (x∨y), and together with the compatibilty of ϕ a with complementation this implies ϕ a (x)∧ϕ a (y) = ϕ a (x∧y).
Remarks.
• The mappingφ a : 
Ad ⊆: Let bθa, by applying the orthomodular law twice we obtain 
P roof.
Ad ⊇: aθb implies a b ∈ I by definition of θ via I (cf. section 1).
As an application of these representations, we characterize those (closed) intervals which are blocks of some congruence. Theorem 3.6 in [4] shows that OMLs are congruence regular and congruence permutable (cf. also [2] , Theorem 4.2). These results and congruence uniformity can also be obtained easily by using the representations of the congruence classes derived in section 3. Proposition 3.3 delivers a formula for the p-ideal (and hence the whole congruence is determined) by means of an arbitrary congruence class. From this we infer: In the following we denote the cardinality of a set M by |M |. 
thus (x, y) ∈ θ • ψ and θ ∨ ψ ⊆ θ • ψ.
As far as congruences are concerned, astonishingly enough, OMLs behave very similar to Boolean algebras. We want to emphasize that without assuming the validity of the orthomodular law the results adduced above are not true. Algebras satisfying all axioms mentioned in section 1 except the orthomodular law are called ortholattices.
For instance O 6 , the smallest ortholattice which is not orthomodular, is neither congruence regular nor congruence uniform: Let a, b with a < b be generating elements of O 6 
